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ABSTRACT 
We obtain a weak Hopf lemma for holomorphic maps of one complex variable into a space of one 
or more complex variables. This is an estimate at the boundary for maps which take the boundary of 
their domains into certain prescribed sets. As a consequence we recover and extend some known 
results on unique continuation at the boundary. 
STATEMENT AND DISCUSSION OF RESULTS 
The classical Hopf lemma on elliptic partial differential equations implies that 
a positive subharmonic function u which assumes the value 0 at a boundary 
point p of its domain satisfies an estimate U(X) > Cllx -pII with C > 0, for x in a 
non-tangential approach region to p. A special case is represented by u = Re(f) 
where f is a holomorphic function mapping a domain to the right half-plane 
with f (p) = 0 at a boundary point p. Then If (z)j > Clz -pi. This is sometimes 
referred to as the Hopf lemma in the several complex variables literature. In one 
complex variable this is somewhat of a misnomer in view of the fact that the es- 
timate is a simple consequence of the existence of the angular derivative which in 
turn follows from the classical Julia’s Lemma. The object of this note is to prove 
a ‘weak Hopf lemma’ - in which the term Iz - pi is raised to some power greater 
than the power 1 of the Hopf lemma - when the hypothesis on the image by f of 
the full domain is replaced by one on the image of the restriction off to the 
boundary of the domain near p. For holomorphic mappings of disks into C” it is 
often only the location of the boundary values that is prescribed. In this context 
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a number of results, with various smoothness assumptions, [ABR], [BL], [A2], 
[HK], and [BR], have been proved about the ‘unique continuation property’ for 
such non-constant mappings f ~ where unique continuation means that 
f -f(p) cannot vanish to infinite order at p. Unique continuation is an obvious 
consequence of a ‘weak Hopf lemma’. 
We say that a closed subset E of C is non-spiraling (at the origin) if there exist a 
compact Jordan arc y in C and an open neighborhood N of the origin such that 
(a) y has no point in common with E except for the origin which is an endpoint of 
y and (b) N\y is connected and simply connected and there exists an analytic 
branch of the logarithm of z on N\y with its imaginary part bounded above and 
below on N\y. 
Remarks. (1) When N\y is simply connected and z # 0 on N\y, it follows that 
there is an analytic branch of the logarithm of z on N\y. Any two such branches 
differ by a constant. Consequently condition (b) is equivalent to requiring that 
every branch of the logarithm on N\y have imaginary part bounded above and 
below. 
(2) If E is non-spiraling and G is any countable subset of C not containing 0, 
then we can perturb the arc y such that it becomes disjoint from G but such that 
(b) still holds for the perturbed arc. 
(3) It is clear that if a Jordan arc y satisfies (a) and (b) for a particular non- 
spiraling set E for some N, then any closed subarc of y that contains the origin as 
an endpoint satisfies (a) and (b) for E and an appropriate choice of a smaller 
neighborhood of 0 in place of N. We shall refer to the process of replacing y by a 
subarc as ‘shrinking y’. 
Let H, denote the intersection of the open disk of radius r centered at the 
origin with the open upper half-plane and let T, denote the closed semicircle of 
radius r contained in bH,. 
Theorem 1. Letf : H, -+ C be an analyticfunction which extends to be continuous 
- - 
on H,. Suppose that there is a non-spiraling set E such that f (H, f~ R) C E, 
f(0) = 0, andf IS not identically 0. Then there exists a 0 > 0 and for every non- 
tangential approach angle r at 0 in H, there exists a C > 0 such that 
If (z)I 2 We 
for all z E r. 
Proof. First we claim that there exists an s with 0 < s < r such that f has no 
zeros on H,. Since on R, f equals 0 only on a set of measure zero and since on H, 
the zeros off are isolated, we can, by shrinking r if necessary, assume that f is 
not zero on T,. Then, near the origin, y\(O) is disjoint from f (bH,). Hence after 
‘shrinking’ y (see Remark 3) we may assume that y\(O) is contained in a com- 
ponent Q of C\ f (bH,). Then f is a proper mapping from H, n f -l(Q) and 
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hence is a branched covering of 0 of finite multiplicity m (possibly zero). Since ,f 
is an open mapping, each neighborhood of a zero off in Hr is mapped to a 
neighborhood of 0 that therefore covers a neighborhood of 0 in y. Hence there 
are at most m such zeros. By choosing s sufficiently small we can therefore ex- 
clude all of them from H,. 
Since the conclusion of the theorem is ‘local’ at 0 E H,, we are free to decrease 
r a finite number of times. Hence, without loss of generality, we may thus assume 
that f # 0 on H, U T,. Moreover we may further assume that m is minimal in the 
sense that decreasing Y and repeating the construction does not yield a smaller 
multiplicity ~ otherwise just decrease Y a finite number of times until this is 
achieved. 
By Remark 2 above we may assume, without loss of generality, that y contains 
no critical values of f 1 H,. Consider the preimage of y\(O) under the map 
f / H,. Since y\(O) is disjoint fromf(hH,), the preimage is a union of m disjoint 
half-open arcs in H,. Fix one of these arcs g and consider its cluster set K on hH,; 
i.e., K = @\a. Since y is disjoint from f(T,), K C [-Y, Y]. Since K is connected 
andf(K) = {0}, it follows that K is a single point on [-Y, Y]. The minimality of m 
then implies that K is the singleton at the origin - if the singleton were some 
other point of [-r, Y], then 0 would be bounded away from 0 and so by decreasing 
Y we could exclude 0 from H, and thereby decrease m (cf. [Al], p. 8). Thus each of 
the m curves of the preimage of y approaches 0 asymptotically. Choose an arc rt 
in H, joining a point a E (0, Y) to -a and intersecting each of the m curves ex- 
actly once. Then 0: together with the segment [-a, a] bound a domain W C H, 
and we may assume that W lies in an arbitrarily small neighborhood of the ori- 
gin, in particular, that f(W) C N, where N is the neighborhood of the origin 
given by the fact that E is non-spiraling. 
The m preimage arcs therefore cut W into m + 1 ‘sectors’ of which nz - 1 are 
bounded in W by two of the m arcs -.- two of the sectors are bounded in W by 
only one of the arcs. (If m = 0, then there is only one sector: W itself.) 
Let Log(z) be a branch of the logarithm of z on N\y. Since E is non-spiraling, 
there are real constants A and B such that A < Im(Log(z)) < B on N\y. Let 
0 = (m + l)(B - A)/ 7r and, recalling that ,f # 0 in H,, fix a branch h =,flls of 
the 0th root of J‘ in H,. 
Now consider one of the m + 1 sectors in W, call it S. Sincef maps each of the 
sectors into N\y, a 8th root off on S is given by g = exp(Log of/Q). The var- 
iation of the argument of g on S is clearly bounded by (B - A)/@ Since h is also a 
8th root off, we get h = cg on S, where c is a unimodular complex constant. It 
follows that the variation of the argument of h on S is also bounded by 
(B - A)/B. Since h is continuous on W, we conclude that the variation of the ar- 
gument of h on W is bounded by (m + l)(B - A)/0 = 7r. It follows that h maps 
W to a half-plane. For any non-tangential approach angle r, the classical Hopf 
lemma applies to h to give CO > 0 such that Ih( 2 Colzl for z E l? Raising this 
to the 8th power gives the theorem. q 
Example 1. In particular this implies that f vanishes to finite order at 0. This 
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‘unique continuation property’ in the special case with E being the right half- 
plane was obtained by different methods by Baouendi and Rothschild [BR]. They 
also show unique continuation when E is what they call a ‘ray concentrated set’. 
The weak Hopf lemma also holds for these sets since they are clearly non- 
spiraling - they have the property that there is a straight line segment with the 
origin as one endpoint and otherwise disjoint from E. In general such a line 
segment need not exist for a non-spiraling set. An example is the set 
{ te5°?rsin(ilf)i : 0 < t 5 1) u (0). 
This non-spiraling set approaches the origin as it winds alternately 50 times 
clockwise and then 50 times counterclockwise. 
Our second result applies the first theorem to mappings into C”. 
Theorem 2. Let M be a closed subset of C” containing a point p such that there 
exists a non-constant holomorphic function FdeJined on a neighborhood Pofp such 
that F(p) = 0 and F(M) IS a non-spiraling set in C. Let f : Hr + C” be an ana- - 
lytic mapping which extends to be continuous on Hr. Suppose that f (0) = p and 
f (z f~ R) C M n P. Then either 
(a) there exists a 0 > 0 andfor every non-tangential pproach angle F at 0 in H, 
there exists a C > 0 such that 
Ilf (z) - PII 2 ClzlS 
for all z E F, or 
(b) f is degenerate in the-sense that f maps Hr into the complex hypersurface 
Z(F) = {z : F(z) = 0). 
Proof. We can assume that p = 0. Set h = F of. Then either h is identically 0, in 
which case (b) holds or, since h(?& n R) C F(M), we can apply Theorem 1 to 
conclude that there exists a 0 > 0 and for each non-tangential approach angle r 
there exists a CO > 0 such that Ih( > Cojzle for z E l? Since F(0) = 0 we have 
IF(z)1 < Al/z/l for z near 0 in C”. Thus Ih(z)I 5 Allf(4ll. We get IIf(z)II 2 
(Co/A) 1~1’ for z E r. 0 
Of course, a constant map is degenerate. In certain settings this is the only way 
that a map can be degenerate. The next two examples illustrate this. 
Example 2. Huang and Krantz [HK] define a hypersurface M 2 C” to be posi- 
tive at p E M if there is a holomorphic change of coordinates centered at p such 
that p corresponds to 0 and in the new coordinates (x + iy, w) E C’ x Cn- ‘, M 
is given by {x = p(x, y, w)} where p(O) = 0, dp(0) = 0 and p(x, y, w) > 0 when 
w # 0. Define a holomorphic function F as in the theorem by F = z = x + iy, 
using the new coordinates. Then F(M) is a non-spiraling set in C. To see this 
observe that if w(q) # 0 then F(q) lies in the right half-plane. The image by F of 
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the points q with w(q) = 0 is a curve with vertical tangent at the origin. For the 
arc y we can therefore take the segment [-6, 0] for a small positive 6. Now iff’ is 
a map as in the theorem, we have that either (a) or (b) holds. In this case we can 
exclude case (b) as follows. The set Z(F) is the complex hyperplane {z = 0) 
which intersects A4 only at p. Since f maps H, n R into this intersection, it 
follows that f is constant on H, n R and hence f - p. Thus a non-constant map 
f satisfies (a) and, in particular, f has finite order at 0. This was obtained by 
Huang and Krantz with the additional assumption that f be C”. 
Example 3. Let M be a C’ totally real submanifold of C” of real dimension k. 
We can choose coordinates at p so that in the new coordinates z = (z’, 2”) E 
Ck x Cflek with z’ = x’ + iy’, p corresponds to the origin and M is given lo- 
callyatpby{y’=q6(x’),z”= +(x’)} where 4(O) = 0, d@(O) = 0, $(O) = 0, and 
dti(0) = 0. Define a holomorphic function F as in the theorem by F = EF=, z,“, 
using the new coordinates. Then, after possibly replacing M by its intersection 
with a sufficiently small neighborhood of the origin, F(M) lies in the right half- 
plane and therefore is a non-spiraling set. Suppose that f is as in the theorem. 
Then we again have either (a) or (b). We can also in this setting rule out case (b). 
To see this note that Z(F) is the complex hyperplane {z,f=, zj” = 0). This 
hyperplane intersects M only at p (since I] y’]] < ]]x’]] on M unless x’ = 0). As in 
the last example, this implies that J‘ is a constant map. Thus a non-constant map 
f satisfies (a). In particular, it follows that f has finite order at p - this is a result 
of Baouendi and Rothschild [BR]. 
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